Differential Structures — Geometrization of Quantum Mechanics 
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The usual quantization of a classical space-time field does not touch the non-geometrical character 
of quantum mechanics. We believe that the deep problems of unification of general relativity and 
quantum mechanics are rooted in this poor understanding of the geometrical character of quantum 
mechanics. In Einstein's theory gravitation is expressed by geometry of space-time, and the solu- 
tions of the field equation are invariant w.r.t. a certain equivalence class of reference frames. This 
class can be characterized by the differential structure of space-time. We will show that matter is 
the transition between reference frames that belong to different differential structures, that the set 
of transitions of the differential structure is given by a Temperley-Lieb algebra which is extensible 
to a C*-algebra comprising the field operator algebra of quantum mechanics, and that the state 
space of quantum mechanics is the linear space of the differential structures. Furthermore we are 
able to explain the appearance of the complex numbers in quantum theory. The strong relation to 
Loop Quantum Gravity is discussed in conclusion. 



the two basic mathematical structures of one manifold. 
But there is a deep problem: Topology and geometry are 
only loosely connected. If the fundamental theory were 
based on them, we would not get one, we would get two 
dichotomic theories separated forever losing any chance 
of unification. 

What we need is a third structure that lies between 
topology and geometry and that has strong connections 
to both of them. What we really need is the missing link 
between both, a structure which is able to join geometry 
and topology in single concept. And in fact, such a third 
fundamental structure exists: The third class of proper- 
ties characterizing a manifold is the differential structure. 

We will see that differential structures are able to ex- 
press both, geometrical and topological properties. But 
these two characteristics will be properties of different 
dimensions: The geometrical character represents the 
change of connection of a 4- dimensional manifold - it will 
be the source term in Einstein's equation. The topologi- 
cal character describes 3-dimensional singularities, which 
can be identified with the particles. Our short-cut think- 
ing was not completely wrong: Matter is characterized 
by topology, but it is not the one of a four manifold, 
it is the topology of the 3-dimensional particles of mat- 
ter. The differential structure describes matter by two 
equivalent pictures: a geometrical one - as a change in 
the 4-dimensional connection, and a topological one - as 
3-dimensional singularities. 

These two pictures of the differential structure natu- 
rally express the dualism of the complementary aspects 
of matter in quantum mechanics: the non-local, wave-like 
behavior of the 4-dimensional field of connection, and 
the local, particle-like character of 3-dimensional singu- 
larities. In this way, the differential structure not only 
unifies topology and geometry - read: matter and gravi- 
tation -, it furthermore explains the dualism of quantum 
mechanics by the mathematical fact that its non-local 4- 
dimensional field of connection is equivalently described 
by local 3-dimensional singularities. 

Including all this: If the concept of differential struc- 



I. INTRODUCTION 

Einstein's theory of general relativity is one of the 
most unifying steps in conceivability of nature. In his 
theory only two entities of being remain: the space-time 
and matter. And furthermore these entities are not in- 
dependent from each other - they are deeply connected 
by Einstein's field equation: The energy of the matter 
causes the change of the gravitational field - a field which 
is a pure geometrical property of space-time. In fact, it 
is matter that shapes the world - but matter is delin- 
eated by quantum mechanics, which it not captured by 
Einstein's theory. Quantum theory pretty much under- 
stands the properties of matter provided there is no gen- 
uine concept of space-time requested. In quantum me- 
chanics space and time are only parameters, the fields 
depend on this parametrization, but there is no observ- 
able which is measuring a space-time point. 

We believe that the deep problems of unification of 
general relativity and quantum mechanics are founded 
in this poor understanding of the geometrical character 
of quantum mechanics. The usual way of quantization 
of a classical space-time field does not touch this non- 
geometrical character of quantum mechanics. The ques- 
tion will not be: Can we quantize a geometrical field? 
The question is: What is the geometry of quantum me- 
chanics? In other words, the problem is not caused by 
difficulties of the quantization - the problem comes from 
two contradictory concepts of explanation. If we are able 
to explain quantum mechanics by a genuine geometrical 
concept, there should be a straight way to the most uni- 
fying theory of physics remaining only one entity: the 
smooth 4-dimensional manifold of space-time. 

Two basic classes of properties classify the structure of 
a manifold: topology and geometry. In Einstein's theory 
gravitation is expressed by the metrical field, i.e. by a 
geometrical property. A short-cut thinking could seduce 
us to identify matter with the topological properties of 
the manifold. Indeed, this would be a nice picture: The 
two fundamental physical entities would be described by 
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tures is appropriate, it should be able to generate 
the structures of quantum mechanics naturally, i.e. the 
Hilbert space and the algebra of field operators. In this 
article we will show that the differential structure is not 
merely able to lead to the Hilbert space and the field op- 
erator algebra - these basic structures of quantum me- 
chanics are the inherent expressions of the very meaning 
of the differential structure. And furthermore, the differ- 
ential structure is exceptional only for one case: only a 
4- dimensional manifold has an infinite number of differ- 
ential structures. 

Up to now, there is no complete mathematical theory 
of differential structures, so let us start with a physical 
point of view of differential structures. A manifold is de- 
scribed by charts hii homeomorphic maps from subsets 
of the manifold M into the linear space M" 

hf.M DW^~>U^C M". 

These charts describe the local properties of the mani- 
fold captured by linear spaces. But the really interesting 
property is the structure between these charts. Assume 
two charts h^Wi Ui and hj-.Wj — > Uj. The overlap- 
ping origin Wij = W^i fl Wj will be mapped into two (usu- 
ally different) images Uij = hi (Wij) and Uji = hj (Wij). 
A coordinate transformation between two charts is a map 
between subsets of linear spaces: 

hif.Uij ^ Uji, h^jix) = hj [h^^ (x)) . 

Two charts hi, hj are compatible if Uij, Uji are open 
(possibly empty), and the coordinate transformations 
hij, hji (with Wi CiWj ^ 0) are diffeomorphisms. A fam- 
ily of pairwise compatible charts that covers the whole 
manifold is an atlas, and two atlases are equivalent if 
their union is an atlas again. The equivalence classes of 
atlases are the differential structures of the manifold. 

In physics, charts are the reference frames. A coordi- 
nate transformation from one frame to a compatible one 
is a diffeomorphism for which Einstein's equation is in- 
variant. Thus all solutions of Einstein's equation in ref- 
erence frames of the same differential structure are equiv- 
alent. But a transition between reference frames of dif- 
ferent differential structures leads to non-equivalent solu- 
tions of Einstein's equation, i.e. acts like a source term 
of the equation. These sources represent matter. That 
means in the geometrical picture: Matter is the transition 
between reference frames that belong to different differen- 
tial structures of space-time. 

The first discussion of differential structures appeared 
in a series of papers Q, |^ written by Brans. A fur- 
ther relation to particle physics was discussed in 
By using non-standard analysis and logic, Krol p, Q 
conjectured a strong connection between quantum me- 
chanics and differential structures. Furthermore, in 
Brans conjectured about sources of gravity given by dif- 
ferential structures (Brans conjecture) which was proven 
for some compact manifolds by one of authors [3| and 
for some non-compact spaces in In the following we 



are mainly interested in the transition of the differential 
structure. A detailed investigation of the transition of a 
differential structure was given in 0. The basic idea is 
simple: The Levi-Civita connection of a manifold M de- 
pends deeply on the differential structure, and a transi- 
tion of the differential structure will cause a change of the 
connection. Vice versa, a change of the Levi-Civita con- 
nection which is not induced by a diffeomorphism will 
result in a transition of the tangent bundle. The local 
triviaHzation of that bundle is the differential structure 
of the manifold M. Let oj be the Levi-Civita connection 
corresponding to a given differential structure. A diffeo- 
morphism g e Diff{M) will change this connection uj 
to 

uj' — g^^uj g + g^^dg . 

The corresponding curvature R = dw -\- ui A u) is trans- 
formed to 

R' = g-^Rg 

duj' + Lo' Alo' = g~^{dijj + lo Aw) g . 

Because of the relation 

d{g-^dg)+g'^dg Ag-Hg = 

the diffeomorphism g does not produce an additional 
curvature. In the next section we will show that a map 
/: M M which is smooth, but has singularities along 
a (closed) 3- dimensional submanifold S will change the 
differential structure of M. We denote by /* the group 
element induced by the differential df: TM TM. If 
the map / admits singularities then the differential df 
and the group element /* are not well-defined. But it is 
possible to define the connection and the curvature corre- 
sponding to the singular map /. We omit this technical 
detail here and refer to the appendix. Then the corre- 
sponding change of the connection yields 

uj' + A^^d/, 

with the transformed curvature 

R' = duj'+uj'Auj' = f-'Rf.+d{f-'df,)+f-'df,Af-'df, . 

The additional curvature d{f^^df^) -\- f^^df^: A f^'^df^, 
leads to a source term in Einstein's equation 0: A tran- 
sition of the differential structure will change the source- 
free field equation [^^l 

Ric{X, Y)-]^ g{X, Y)R = 

to 

Ric{X, Y)-l g{X, Y)R = R (/-^d/,) {X, Y) 

2 w + I 

where R{{f^^df^)) is the Ricci curvature part of the sin- 
gular curvature induced by the singular map / and w is 
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the winding number of /. 

The energy density Tqq of the energy-momentum tensor 
T of a particle with mass m and a volume woZ(I]) of the 
manifold S is given by 

Too = rnc^ 5^ 

where Sy. is Diracs delta function with support on S, i.e 



5y. = 1 



By the normal form of the field equation 

mc{X, r) - i g{X, Y)R = ^ T{X, Y) . 

we get a relation between the energy and the geometry. 
The total energy of the particle is given by the integral 



Too dvoliYi) = mc^ 



and by the field equation we get for the mass of a particle 
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where R{f^^df.t)oois the 00-component of the Ricci ten- 
sor generated by the singular form f'^df^,. In section 
II VI we win calculate the singular curvature, which corre- 
sponds to a closed 2-manifold with area A via Poincare 
duality. It is interesting to note that the area of the 2- 
manifold is fixed with respect to the volume of E. 
Then the length A(/) = vol{T,)/A depends only on the 
map /. After this simple argumentation, we can express 
the mass of the particle by 



mif) 



inG w + 1 



- A(/), A(/)-^^^^^) 
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In fact we have obtained by a simple calculation: A 
massive, extended particle as the very consequence of 
the transition of the differential structure. 

Sure, this is a simplification. Especiahy there is no 
explanation yet for the quantum nature of the particles. 
In Section IIIII we will give a complete explanation by 
constructing the field operator algebra of quantum 
mechanics directly from the set of transitions of differ- 
ential structure. We will explicitly show that differential 
structures on 4-manifolds are strongly connected to 
(immersed) surfaces. Such surfaces can be described by 
a principal U{1) bundle over the four-manifold. That is 
the main reason for the appearance of complex numbers 
in quantum mechanics. The intersections between these 
surfaces are described by the defining relations of a 
Temperley-Lieb algebra. In Section Hvl we wih construct 
concrete examples of different differential structures. We 



also will illuminate the necessity of a complex Hilbert 
space in quantum mechanics by an explicit construction 
of the amplitudes and phases of the quantum states. In 
the last Section we will discuss a relation between our 
approach and the loop quantum gravity. 



II. DIFFERENTIAL STRUCTURES ON 
FOUR-MANIFOLDS 

A differential structure of the manifold M is an 
equivalence class of the atlases of the manifold M. 
We call two atlases A, A' equivalent iff there are dif- 
feomorphisms between the transition functions. As 
an important fact we will note that there is only one 
differential structure of any manifold of dimension 
smaller than four. For all manifolds larger than four 
dimensions there is only a finite number of possible 
differential structures Diffd\mM- The following table lists 
the numbers of differential structures up to dimension 11. 
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4 
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7 
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10 


11 
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28 
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8 
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992 



In dimension four there is a countable number of 
differential structures on most compact four-manifolds 
and an uncountable number for most non-compact 
four-manifolds. 

To get a first view at the terra incognita the space 
of 4-dimensional differential structures builds we need a 
better definition of a differential structure. A first clue 
is provided the fact that a diffeomorphism M ^ N be- 
tween two manifolds M, N induces an isomorphism be- 
tween the corresponding tangent bundles TAf, TN . A 
transition between two only topological (i.e. homeomor- 
phic) equivalent manifolds, i.e. with different differential 
structures, causes inequivalent tangent bundles. The next 
hint says that the differential structure is also encoded 
into the structure of the algebra C°°{M) of smooth func- 
tions M C. This fact is connected with deformations 
of the algebra C°°{M) providing an algebra of the differ- 
ent differential structure. Such deformations are studied 
in non-commutative geometry. We will use a combination 
of both approaches: We will construct for the transition 
of the differential structure the non-commutative alge- 
bra of deformations of C°° {M) and the transition of the 
tangent bundle described by the change of the connec- 
tion. And we wih formalize this approach by considering 
two homeomorphic four-manifolds Af, with different 
differential structures. 

Unfortunately it is too difficult to use the homeomor- 
phism M ^ iV to construct the transition of the tangent 
bundle TM — > TN. The tricky way is to use a smooth 
map f:M^N which is surjective but not injective [33 |. 
Such a map is singular, i.e. the linear map of the differ- 
ential 



df^:T,M 
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has not the maximal rank and we define the singular set 
S to be 

E = a: e A/ I rank{dfx) < 4 . 

It is obvious that the transition of the differential struc- 
ture is strongly related to the structure of the singular 
set S. The explanation of this fact in the next section will 
show the geometrical nature of the quantum incarnated 
in the transition of differential structure. 



III. CONSTRUCTION OF THE FIELD 
OPERATOR ALGEBRA 

The fundamental hypothesis of this paper is the state- 
ment that the structures of quantum mechanics are nat- 
urally induced by the differential structure of the space- 
time-manifold. In this section we will justify this by prov- 
ing the 

Theorem: Let T be the differential *-algehra of singu- 
lar 1-forms defined below forming the set of transi- 
tions of the differential structure. Furthermore, let 
Dtp he the covariant derivative associated to the sin- 
gular form If and the universal derivative L of T 
defined by ipLip := D^pip. Then the algebra T has 
the structure of a Temperley-Lieb algebra. The al- 
gebra of transitions T is extensible to a C* -algebra 
comprising the algebra of field operators of parti- 
cles. The complex Hilbert space is induced by T via 
the GNS construction. 

In the introduction we have shown that there is a close 
relation between the transition of the differential struc- 
ture and a singular connection with 3-dimensional sup- 
port. Such connections are expressed by singular 1-forms 
with 3-dimensional supports. At a first glance, one might 
be tempted to assume that the vector space spanned by 
these 1-forms is capable of describing all transitions of 
the differential structure. However, as it will turn out, it 
is the support of the 1-forms which is important. Thus 
we are looking for a structure that captures the transi- 
tions of the support of the singular 1-forms. Supports, 
in their capacity of being sets, suggest two operations, 
viz. union and intersection. Thus we would expect that 
the transitions of the differential structure are described 
by an algebraic structure with two operations, i.e., by an 
algebra. This is what we are going to prove in the sequel. 

We will confine ourself to the case where the tangent 
bundle is changed only by a variation of the differen- 
tial structure. But a transition of the tangent bundle is 
caused by the change of its connection. Thus, we have to 
discuss the effect of a singular smooth map that changes 
the connection. 

Given a singular smooth map f:M^N representing a 
variation of the four-manifold M and causes a transition 
of the differential structure. Let Dm and Dj^ be the co- 
variant derivatives of the tangent bundles TM and TN. 



Any covariant derivative can be decomposed by D = d-l-w 
with the connection 1-form oj. We get the transformation 

Dm = f^^DN /* 

of Dm to Dn with the group element /* induced by the 
differential df: TM — > TN and the connection 1-form 
transforms by 

Wji/ = f^^i^N f* + f^^df^ . 

The inhomogeneous contribution of the change of the 
connection is given by the singular 1-form 

f = f*^df^ 

which has a support at the singular set S of /. Be- 
fore we proceed with the definition of a singular 1-form, 
we have to discuss the action of a diffeomorphism. Let 
g: M — * M be a diffeomorphism that induces a map 
dg: TM TM which is also a diffeomorphism. The ap- 
plication of g changes the derivative D to gZ^Dg^, and 
keeps the trace TrM{D) of operator D over M invari- 
ant: TrM{g7^ D g^) = TrM^D) for all diffeomorphisms 
g. The last relation is only true for diffeomorphisms and 
not for singular maps like /. Thus instead of using the 
operator D, which is not diffeomorphism-invariant, we 
consider the diffeomorphism-invariant trace TrM{D). 
There are two methods to define the singular form (p: 

1. Given the two connection 1-forms lom, defined 
above, then 

ip = UJM - fr^(^N f* 

2. or consider the exterior differential d and define 

^ = D-d D^ f-\d)f, + f-'df. 

The first method was used in to calculate the change 
of free EiNSTEiN equation caused by the transition of 
differential structure. In this paper we study the second 
method. The question is: What is the difference between 
d and D? By the theory of differential forms we know that 
d is the exterior derivative with rf^ = 0. In contrast to 
this, Z? is a more general derivative: D fulfills the Leibniz 
rule D{Lp'ip) — {D{p)ip -\- <p{Dip) and D^ = in place 
of = 0. The square D^ = dip -\- (p A (p - in general 
not zero - is the curvature of the singular connection 
change (p. The relation D^ = is the Bianchi identity. If 
we express the curvature Dip as the covariant derivative 
of (p, then the Bianchi identity is given by D^(p — 0. 
That fact is used below to construct an exterior derivative 
from the covariant derivative. Thus, a generating element 
of the connection change is given by the 1-form (p with 
supp{(p) = which is the singular set S,^ of the smooth 
map /: M N. 

In the following we will show that the set S of singu- 
lar 1-forms (p has an algebra structure. Its two defining 
operations - sum and product - are related to the union 
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and intersection of the supports. Thus we can define the 
sum by 

ip + ij.' ~ X '■ '(5, ■0, X G >5, supp{x) — supp{ip) U supp{ip) . 

The construction of the product </?-^/' is a bit more compH- 
cated. Given two forms (p, tp with their singular supports 
S^, S^. Any 1-form is naturally associated with a curve 
lying in its singular support: This associated curve C,„ is 
defined by the Poincare dual of the 1-form (p (see [lH), 
i.e. via the integral of the 1-form 

/* = i. 

The curves of ip, V are generators of the fundamental 
groups 7ri(S^), 7ri(S]^). In general, for a map f : M ^ N 
with singular set S there are more than one generator of 
the fundamental group 7ri(S). Let C^p and be two 
generators of 7ri(S). Furthermore, let 5",^ be the surface 
with boundary dS^p = also known as Seifert surface. 
Because of the knotting of the curve C^, the Seifert sur- 
face can be very complicated (see The two curves 
are linked if their corresponding surfaces inter- 
sect transversally. We denote linked curves by 
and the transversally intersection by S^p rtl S^. By this, 
we are able to define the product 

(p-tp = x ■■ 'p,tp,x&S, suppix) = supp{ip) n supp{tp) 

where the product curve is given by 

""'[C^UG^, : 5^ n 5^ = 

The first case C^.^ = C^p <^ C^p represents a non- 
commutative product (p ■ ip 7^ 4' ' V because the link 
C'^ ip = Ctp is different from C^.^p. In knot theory 
one calls C^.^ the mirror link of dp.^. In the second case 
one gets from C^.^ = C^UC^ by using G^UC^ = C^UCi^ 
the relation C^.^ = C^.^p. Thus, in this case the product 
is commutative tp ■ ip ~ ■ ip. The product with a number 
field K is induced from the corresponding operation of 
differential forms. That completes the construction. 

The set of singular 1-forms S endowed with these two op- 
erations forms T — (5, 4-, •) - the algebra of transitions of 
the differential structure of space-time^ i.e. of transitions 
between non-diffeomorphic reference frames. In the intro- 
duction we have motivated that the transitions (/s G T of 
the differential structure represent matter by generating 
additional source terms in the gravitational field equa- 
tion. In the following we will show that this algebra T of 
transitions of differential structure of space-time also has 
a direct meaning in quantum mechanics: T is the algebra 
of field operators of particles - the Tei/c/ien-algebra. 



For each singular 1-form ip & T there is a natural op- 
erator D^:T — > ri^(T) - called the covariant deriva- 
tive w.r.t. to ip - mapping an element ip of T to an 1- 
form Dpip € ^^(^) over T satisfying the Leibniz rule 
Dip{ip ■ x) = (Dipip) • X + -0 • (D^x)- The expression 

is called the curvature of tp. According to (T^ . every alge- 
bra admits an universal derivative L with = which 
also makes T to a differential algebra. Furthermore, we 
can define formal differential forms ^^(T) on T by us- 
ing L. Then, a p-form is generated by ipoL(pi ■ ■ ■ Lipp or 
ILifi ■ ■ ■ Lpjp (see Every two elements (p^ip eT de- 
fine an element of ^^{T) by D^pip. By the universal prop- 
erty of the derivative L, ri^(T) is generated by forms like 
(pLijj or ILip. Thus, also D^pip must be given by a form 
like this and we may choose 

D^tlj = ipLij. (1) 

In contrast to the usual representation we do not have a 
wedge product A and thus we cannot define the covari- 
ant derivative like ~ L + ipA. But we can choose the 
derivative L in such a way (using the universality prop- 
erty of L) that the relation D^^ip = ipLip is fulfilled. Then 
the curvature can be written as 4> = D^pip = ipLip. 

Furthermore, we can introduce a trace of a singular 
form If = f^^df^: with respect to a curve C by the integral 

Tr{ip, C) :— J If < OO . 
c 

The universal derivative L extends the trace over T to 
all forms QP{T) by relation Using general properties 
of L, one obtains the relation 

Tr($'i',C) = (-l)P«rr(*4>,C), $ G ^^^(T), ^ G VL'^[T) 

(2) 

for the trace on T with a suitable curve C . The construc- 
tion of one operation is unsettled: the star operation * 
which makes T to a ^-algebra. A ^-operation has to ful- 
fill the two relations: (</9*)* = f and {Lp-ip)* = %p* -ip* . Let 
ip he & singular 1-form and Cp the corresponding curve. 
We define (/?*to be a 1-form with curve C{(p*) = C^, 
i.e. the curve with the opposite orientation. Then the 
first relation {f*)* = is obvious. The second relation 
((/3 • V')* = Ip* -ip* is a standard fact from knot theory: the 
change of the orientation of a link transforms the link to 
the mirror link. Let tp ■ ip he a link then {tp ■ ip)* is the 
mirror link. By definition, ip* ■ tp* is also the mirror link. 
That completes the construction of the algebra T. 
Finally we obtain: 

1. T is a differential *-algebra T = (5, -t-, •, L), 

2. the covariant derivative is related to L by 

D^ipi = tpLip, 
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3. the finite trace Tr{(p, C) = J^ip fulfills relation |(2J. 

In the sequel we will show that the algebra T is a Tem- 
perley-Lieb algebra over a number field which are the 
complex numbers. For the special case, T will be identical 
to the field operator algebra of the fermions. That proves 
that the algebra of transitions of differential structures 
leading to the main structure of quantum field theory. 

A Temperley-Lieb algebra is an algebra with unit ele- 
ment 1 over a number field K generated by a countable 
set of generators {ei, 62, . . .} with the defining relations 



-3\ > 1, 



(3) 



where r is a real number in (0, 1]. By the Temperley- 
Lieb algebra has a uniquely defined trace Tr which is 
normalized to lie in the interval [0, 1]. The proof is carried 
out by the following steps: 

• The curvature of the sum of two elements Q con- 
sists of four terms which have to be interpreted 
independently. This can be done by means of the 
product of T. 

• Using the set-theoretical formula (jSJ, we will get 
relations (jHJ between some special products of el- 
ements. These products are interpreted as opera- 
tions between the supports of the singular forms. 

• The singular form is a change of connection. Ev- 
ery connection has to fulfill the Bianchi identity. 
This identity is expressed as B{^p, ip,(p) = for the 
trace lfT2]l . We have to check that all curves (p{t) 
in T together with all infinitesimal variations 

of the curve leaving invariant the Bianchi identity 
B{ip, (f, ip) = 0. This results in the fact, that the 
basis elements of the algebra T are projection 
operators. 

• It is possible to introduce an order structure on 
the set of basis elements. If the four-manifold is 
compact then the basis set is countable. 

• Finally, it is possible to introduce a star operation 
and to show that the number field are the complex 
numbers. 

In the first step of the proof we will study the curvature 
of the sum of two singular forms if, ip, i.e. the expression 

D^+^,{(p + ip): 



= {ipLf + ^pLil') + if Lip ■ 



■ipLip) 



(4) 
(5) 



Each of the four summands of the right-hand side of Q 
has to be expressible as a singular form of its own. We 
know that ipL(f and ipLip are the curvatures of ip and ip, 
respectively. Furthermore, the sum of two singular forms 



(f, Ip with non-intersecting supports produces the sum of 
curvatures D^pj^Tp{ip + ip) = D^(p + D^ip. But, how can we 
interpret the expressions D^ip = <fLip, D^,Lp = ipL(p7 Let 
us consider the following construction. Non-intersecting 
supports SJ^ can be constructed from 11,^, by 

and we get the set-theoretical formula: 



u Sv, = (s; u u (s^ n 



(6) 



where S|^US^ is the disjoint union, i.e. the union E^UE^ 
with E'^ n E^ = 0. By the arguments above, we identify 
ipLip + ipLTp with the curvature of a singular form of sup- 
port E'^ U E^. Thus we have to associate the cross term 
(pLip + ipLtf to a singular form of support E^^ n S^. By 
construction, that is the product • in the algebra 1 . We 
obtain for the curvature of the product: 

D^.,p{ip -ip) ^ ip- ipL{ip - Ip) ^ ip- ^{Lip)^ + (p-ip- (p{L%p) 

using the Leibniz rule of the derivative L. With ((2j, the 
trace of the curvature of the product is given by 

Tr{ip-ipL{tp-'ip)) = Tr{'ip-ip-ipLip)+Tr{ip-'ip-ipLTp) . (7) 

We obtain the meaning of the terms in Q by making the 
ansatz of the products 



Ip ■ tp ■ Ip = Tip , ip> ■ ip ■ if ~ Tip 



(8) 



for the intersection E^^ n E^, 7^ 0. Inserting jSJ in Q 
we get the cross term ipLip + iP'Lip. But this is exactly 
the interpretation of the addition I^J by using the set- 
theoretical formula As noted above, the product ip-ip 
can be commutative or not. For the commutative case, 
we obtain a restriction by relation Q: ^p • 4''^ = Ttp. A 
simple manipulation shows {tp ■ ipY = Tip ■ ip. Thus, the 
product (/J • V' is a projection operator. 
With Q the Bianchi identity is given by 



Dp) = pLipLip — 



(9) 



for any element ip E T. Thus each element of an 1- 
parameter family ip(t) - a curve in T - has to keep in- 
variant the identity with respect to any deformation 



dt 



ipit) 



K',¥>(0)] = v-(^(o)-</^(o)v 



(10) 



for some element 2p E T. This leads to the fact that the 
product in T is not determined completely. An infinites- 
imal deformation of the product to a new one is just 
defined by ifTIijl [T^ . This equation has to be fulfilled for 
all deformations because the Bianchi identity is valid for 
all differential structures. To study the consequences of 
this demand we define the traces 

A{ipo,ipi) := Tr{ipoLipi,C), (11) 
B{(po,(pi,(p2) ■■= Tr{<poL(piLp2,C) , (12) 
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for suitable curves C, fulfilling the relations 

A{ipo,^i) = A{<fi,ipo) (13) 

A{ipoipi,lf2) - Ailfio,^!^-!) = , (14) 



and 



B{ifio ■ 1^1,1^2,^3) 

B{(pQ,(pi,(p2 ■ (P3) 



B{ifi2,Vo,Vi) = B{ifii,(p2,fi)-5) 

B{ifio,(pi ■ f2,f3) + 

B{(p3 ■ ipo,ipi,ip2) ^ 0, (16) 





Figure 1: Representation of a 3-manifold as tree 



where we have used (j5Jl- By means of the trace B the 
Bianchi identity becomes 



Bi(p,ip, </?) = 0. 



(17) 



For the curve ip{t) we demand that all infinitesimal de- 
formations of A{ip, ip) and B{ip, ip, ip) vanish, i.e. 



-A{^{t),v{t)) 
j^BMt),pit),^{t)) 



= 



0, 



and for B{(p, ip, p) 



-B{^{t),v{t),^{i)) 



= 



t=o 



B{[i,, ^(0)], ^(0), ^(0)) + 5(^(0), [V-, ^(0)], ^(0)) 
+5(^(0), ^(0),[^,V^(0)]) 
3S([^S^(0)],(p(0),^(0)) 

3B(V • (p(O), ^(0), (p(O)) - ZB{p{Q) ■ V-, ^{Q), m) 
3{B{^p, (^(0))2, ^(0)) - Bi^p, ^(0), (^(0))2)) 



= 

The last identity requires that p is a projector 



If" — Tip . 



see 



(18) 



Using that requirement we will show in the following that 
these projectors are the basis elements of T. The sup- 
port of the curve ip{t) is a connected 3-manifold '^ip{t)- 
By topological arg uments about decompositions of 3- 
manifolds (see (iM. Il7l|). we can always cut the support 
of a singular form into simple pieces. We call the algebra 
elements of these simple pieces the basis of the algebra. 
In the next section we will construct such a basis. The 
simple pieces have intersecting supports which implies 
that all basis elements fulfill relation By the Hnear 
independence, it is enough to study the infinitesimal de- 
formations for the basis elements of the algebra. Thus we 
obtain the result: The invariance of the Bianchi identity 
B{ip, (p,p) = with respect to infinitesimal deformations 
ifTTHl leads to the fact that the basis elements of the al- 
gebra T are projectors Ijl8|l . The case of deformation of 
A{ip, (p) gives no new results and it is not difficult to see 
that the expression A{(p, (p) is an invariant of the algebra 

r. 

The discussion above has shown that: 



1. The product between two elements ip, ip & T is 
divided into two cases: (p-ip = ip-(p, {p^-i^Y = '''{V''^^) 
and (p ■ Tp ■ p = Tp, where all basis elements are 
projection operators p'^ = rp. 

2. The first case corresponds to the disjoint union C^U 

of the corresponding curves C^, Cjf,. 

3. The second case describes the linking dp ^ 

of the curves. All such elements p, tp are non- 
commutative. 

The product of two elements p-'ip is non-zero if the their 
supports intersect S,^ n S.0 ^ 0. If further the associ- 
ated curves are linked C^p ^ the elements are non- 
commuting p ■ ip ^ ip ■ p.\n four dimensions the support 
of the differential form is a 3-dimensional space and the 
intersection is a 2-dimensional. 

We can describe this in a compact form by a graph 
with a vertex for every 3-dimensional support and an 
edge between any two vertices that correspond to inter- 

. ^ecting supports. In the sequel we are going to simplify 

•^^he graph just described. To this end we need to em- 
ploy a certain fact about the structure of 3-manifolds. 
Every 3-manifold is the boundary of an uniquely given 
4-manifold. According to the paper this 4-manifold 
must be contractible. But this implies that the graph 
described above must be acyclic, since otherwise the cor- 
responding 3-manifold would be the boundary of a non- 
contractible 4-manifold. An acycHc graph is a tree; thus, 
the graph under consideration is a tree, which is finite 
due to the compactness of the 3-manifold S. Our tree 
consists of two kinds of elements, viz. branching vertices 
with more than two neighbours, and "regular" vertices 
with one or two neighbours. A branching vertex corre- 
sponds to the intersection of more than two 3-manifolds 
(see figureQl vertex 2 is the branching vertex). The inter- 
section of two 3-manifolds embedded into a 4-manifold is 
a 2-manifold. Hence, branching vertices in the graph cor- 
responding to a disjoint union of 2-manifolds. Two inter- 
secting 2-manifolds generate a cycle in the graph, which 
contradicts the simple-connectivity of the 4-manifold. 

Next we will describe a procedure which converts the 
branching vertices to regular vertices by changing the 
3-manifolds. By diffeomorphisms we can move the 2- 
manifolds. When doing so it can happen that we pro- 
duce intersections of 2-manifolds. According to a result 
of Casson it is possible to deform the 2-manifolds to 
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Figure 2: Fig. I is the starting tree. Fig. II shows the modi- 
fication of the tree after the resolving of the branching point 
2 which is moved to the point 3. Fig. Ill is the result of the 
repetition of the procedure resulting in a line. 



remove these intersections at the price of resulting self- 
intersections of the deformed 2-manifolds. By this pro- 
cedure we can rebuild the tree (see figure , and one 
branching vertex is converted to a regular one. By this 
procedure, the structure of the 3-manifold will be modi- 
fied. We will discuss this fact in a later paper. A repeti- 
tion of this procedure amounts to shifting a subtree along 
some path down to some leaf of the tree. By doing so, the 
vertex where the subtree was rooted originally is turned 
to a regular (i.e. non-branching) vertex. Finally we can 
deform the graph structure to a line. But that is an order 
- the order of the basis elements of the algebra T. Thus, 
there is a finite number of generators of T which are or- 
dered along a line. This is equivalent to a labeling of the 
generators by integer numbers. We denote the generators 
by gfc with k G N. 

Putting all facts together we can construct the algebra 
of transitions of the differential structure: To every sup- 
port of a singular 1-form we associate a generator ei of 
T which is a projection operator up to a constant fac- 
tor r, i.e. ef = re^. By the argumentation above, we 
can choose the order of the generators in such a manner 
that the curves C{ei) and C{ej) of a and ej, respec- 
tively, are linked only for ~ 1. By definition we ex- 
press the relation for non-linked curves by CiCj = CjCi for 
\i—j\ > 1. Relation Q can be rewritten as eiCi+iei = rci 
or Ci+iejCi+i = re^+i. What remains to finish the proof 
of the theorem is the construction of a ^-operation and 
the establishment of the fact that the number field is that 
of the complex numbers. 

The construction of the ^-operation in T has been done 
above by changing the orientation of the curve Cip for an 
element (p € T. Then the main relations like (<p*)* = ip 
and {ip ■ ip)* = ip* ■ iy9*can be justified. In [23|, Akbulut 
constructed the support of a singular 1-form for simple 
pieces corresponding to the base elements of the al- 
gebra T. Then he showed that the mirror C{e*) of the 



curve C(ei) leads to a diffeomorphic support of the sin- 
gular 1-form e*, i.e. the base elements are self-adjoint 

e* = e,. 

To show that the number field of T is that of the 
complex numbers we associate a singular connection 1- 
form tf — f^^df^, to a smooth, singular map f:M—^N 
between two manifolds M, N with different differential 
structures. The curvature Q, is given by = d{f^^df^,) + 
f^^df* /\f^'^dfi, with support a surface supp{fl) = S em- 
bedded into the 3-manifold S which is the singular set of 
/. To construct the surface, we consider the Euler class 
e{fl) associated to the curvature 2-form via the relation 
e{fl) A e(il) = pi{fl) with the first Pontrjagin class pi. 
Then the surface S is defined by the relation 

J e{n) = 1 
s 

which defines a bihnear map 7?2(M, Z) x H^{M, M) -> K 
between the homology class [S] S H2 (M, Z) of the sur- 
face and the cohomology class [fl] G iJ^(M, M) of the 
curvature. The classification theory of vector bundles 
(see [iJl for instance) states that every cohomology class 
in i?^(M, R) is given by the curvature of a complex 
line bundle L over the 3-manifold S. Furthermore, let 
s: E ^ i be a section of the complex line bundle, then 
the zero set a; G S | s{x) = {x,0) is the homology class 
[S] G H2(M,Z). Thus, the class [tr{n)] is the curvature 
2-form of a complex line bundle, i.e. a differential 2-form 
with values in the Lie algebra iR of the U{1) group. Let 
if be the singular 1-form which generate via (pLip the 
curvature fl. For simplicity we assume that the form ip 
is given hy (p = CiCi with the base element e^. Then, we 
obtain the coefficient of the curvature to be 

= ipLip ~ cfeiLei . 

Any curvature 2-form SI can be decomposed as a 2-form 
hy fl = Vt^j^ydx^ A dy^ where Vt^^, is an anti-symmetric 
matrix with values in zM. A direct identification of the 
coefficient a is given by the integral 

j triSl) = Tr{tr{n)) = c} Tr{e, Le,) , 
s 

and we obtain 

c,; = y/Tr{tr{Sl)) G C . 

Thus, the number field of the algebra is that of the com- 
plex numbers. That completes the proof of the theorem. 

It remains to show that T can be defined as an algebra 
of Hnear operators over some Hilbert space. This can be 
done by the GNS construction (see 0|). First we remark 
that the algebra itself is also a vector space. Given two 
elements ip,Tp € T then Tr{ip*ip) = {ip,ip) is the scalar 
product. The self-adjoint elements e^. are projection op- 
erators and are the basis elements of the Hilbert space. 
Finally it follows: The completion of the algebra (T, Tr) 
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is a complex Hilbert space. By fixing the parameter r of 
tlie algebra T to be r = 1/2, the completion of T cor- 
responds to the Fock space of fermions in quantum field 
theory (see j2^, chapter 2). That is a remarkable result: 
The self-adjoint projectors Ck generate the creation and 
annihilation operators of the fermions. That means, for 
T = 1/2 the algebra T is the standard Clifford algebra of 
anti-commutative operators. For the case t ^ 1/2, T ex- 
tends the standard quantum field algebra to a Temperley 
Lieb algebra. 

The algebra T was introduced by TEMPERLEY and 
LlEB in the context of statistical mechanics and by JoNES 
for the description of the so-called hyperfinite factor IIi 
C*-Algebra. Later this algebra was used by Kauffman 
and LiCKORlSH to define invariants of a three-manifold 
identical to the so-called quantum invariants, and we will 
discuss this interesting relation in the last section. 



IV. SPACE-TIME REALIZATION OF THE 
FIELD OPERATOR ALGEBRA 

Using the results of the previous section it is possi- 
ble to construct a concrete realization of the algebra (jOJ 
of transitions of the differential structure of space-time. 
Let us start with the question: Which operations change 
the differential structure of space-time but do not alter 
the topology? Up to the present two such "surgeries" are 
known: the logarithmic transform and its generalization - 
the knot surgery. In this section we will show that all gen- 
erators e2i-i for i > are represented by the logarithmic 
transform, whereas all possible generators correspond- 
ing to the knot surgery. 

In a short overview both operations can be described 
easily. As a pre-requisite we need a topologically compli- 
cate four-manifold. The logarithmic transform is a pro- 
cedure removing a torus with neighborhood and sewing 
in a twisted version of the torus, i.e. we cut the torus, 
twist one end p times and glue both ends together. As 
proved by Gompf the new four-manifold has a differ- 
ent differential structure for p > 0. Later Fintushel and 
Stern generalize this operation to the knot surgery: 
Instead of using only twists of the end, the end can be 
knotted according to a knot. Fintushel and Stern show 
that for different knots, the resulting four-manifolds may 
have different differential structures. Furthermore it was 
conjectured that any two different knots Ki, K2 always 
lead to different differential structures. Later, this conjec- 
ture was corrected by Akbulut : The knot Ki and its 
mirror Ki have to be different to the knot K2, then the 
corresponding differential structures are also different. 

Now we will describe the technical details of both con- 
structions. A good point to begin with is to consider 
the simplest transition of the differential structure: the 
logarithmic transform representing the commuting sub- 
set of generators of T. Given a sufficiently non-trivial 
simply-connected four-manifold j^^l • A logarithmic trans- 
form is a transition of the four-manifold M by cutting 



out a neighborhood NiT"^) of an c-embedded torus 
T'^ — X with no self-intersections and sewing in a 
twisted torus. In the following we will construct the al- 
gebra A of transitions of the differential structure of M 
induced by logarithmic transforms. 

Consider a neighborhood N{T) = x T of an c- 
embedded torus T in M with 7ri(Af \T) = 0. We remove 
N{T) from M to get M \ N{T) with boundary d{M \ 
N{T)) = T^. We glue it back by an orientation-reversing 
diffeomorphism g: dN{T) = S^ xT ^ d{M \ N{T)). For 
every point x G T we have the map g{-, x) ~ g'- — ^ 
given by z for an integer p > also called 

multiplicity. A main theorem of Gompf [2J| states that 
the altered manifold 

Mp^{M\N{T))\JgN{T) 

is homeomorphic to M but not diffeomorphic for all 
p>l. 

Both surgery steps can be performed simultaneously on 
k c-embedded tori: Taking k c-embedded tori Ti, ...,Tk, 
k nonnegative integers pi, ...,pk, and choosing diffeomor- 
phisms g^: dN{T{) = x T, ^ d{M \ N{T,)) with mul- 
tipHcity Pi. The corresponding four-manifold Mp^,,,p^ is 
homeomorphic to M if the multiplicities are coprime, i.e. 
there is no common divisor, but not diffeomorphic. Now 
we associate k generators of T to each of these trans- 
formed neighborhoods N{Fi)p^. For a subset of T with 
s = 2i — 1 , i = 1, . . . ,k the generators commute and 
we can form the superposition 

k 

</3 = ^aj(pi)e2i-i (19) 
1=1 

with coefficients ai{pi) depending only on the multiplic- 
ities. The corresponding curvatures are also superposi- 
tions 

k 

^ = ^{ai{pi)Y[e2i^iLe2i-i] 
1=1 

representing the disjointness of the collection of neigh- 
borhoods N{Fi)p^. 

The general case for all generators can be treated by 
a construction of Fintushel and Stern generalizing 
the logarithmic transform. Let AT be a simply connected 
smooth four-manifold which contains a smoothly em- 
bedded torus T with self- intersection 0. Given a knot 
K \n S^, we replace a tubular neighborhood of T with 
X {S^ \ K) to obtain the knot surgery manifold Xk- 
In other words, we replace the torus by knotted torus ac- 
cording to the knot K. Of course one can generaHze this 
procedure by using n embedded tori with self-intersection 
and a link L with n components (for the details see 
[2^). The main point is that a link with n components 
can be interpreted as a composition of two overlapping 
neighborhoods N{Fi)p^ and N{F2)p2 described by loga- 
rithmic transforms. The multiplicities now correspond to 
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the framings of the link components. The generators do 
not commute and we obtain the general superposition 

n 

(fi = '^ai{Li)ei (20) 
j=i 

with coefficients depending only on the link components 

By means of the knot surgery the * operation can 
be defined by the construction of the mirror link —L 
related to link L inducing a (f* for each (p. In 
Akbulut shows by an expHcit construction of the 
handle body structure of Xl using the handle body 
structure of X that Xl and X^l must be diffeomorphic. 
Thus the generators e.i have to be self-adjoint e* = e^. 
This emphasizes the construction of the ^-operation in 
the C* -algebra T of the transitions of the differential 
structure. 

The fact that quantum mechanics requires a com- 
plex Hilbert space has been a deep mystery since the 
very early days of quantum theory. No satisfying expla- 
nation could be found, and most text books discount 
this question as an inconsequential detail of the technical 
calculus. But the truth is that without the complex 
structure quantum mechanics would miss inherent 
properties which are responsible for the term "quantum" 
in its name, e.g. the interference terms of a superposition 
or the oscillating solutions of the Schrodinger equation. 
In Section IIIII we constructed the coefficient field of the 
C*-algebra T of transitions of differential structures. 
It was shown that the coefficient field are the complex 
numbers and thus the space of the differential structures 
is by necessity a complex Hilbert space. In the following 
we will give an expHcit construction of the amplitudes 
and phases of the quantum states for the logarithmic 
transform. 

At first we have to consider the transition of the dif- 
ferential structure again. Let us start with the case of 
a logarithmic transform, i.e. we remove the neighbor- 
hood N{T) = T X £)2 of an embedded torus T in the 
4-manifold M and glue it back by using a diffeomor- 
phism g:dN{T) d{M\N{T)) to generate the non- 
diffeomorphic manifold Mg. Thus, we have to study this 
map g for the calculation of the change of the connec- 
tion. We remark the decomposition of g into {idr, g) 
with g:S^ defined by z ^ for z e C C 

and we call p the multipHcity of g. The details of the 
following calculation will be published in the paper [23 |. 
Let e, / be the reference frames for the tangent bundles 
TM, TMg, respectively. It is easy to see that g can be 
extended to a smooth map f:M~^ Mg with the differen- 
tial df: TM TMg. The differential is a mapping of the 
reference frames given by df{e) = a ■ f with the function 
a: M ^ G where G is the structure group of the tangent 
bundle TM. The map a is the identity outside of N{T) 
and the restriction to g is given by a{z)\g = z-^~P/p where 
z G C C. Let LOe,ijjf be the connections on TM, TMg, 



respectively. Finally we obtain 

We = df^^ujfdf + a~^da 

with the form a~^da singular along the torus at z = 0. 
Only the map g is singular leading to the form 

-1 , P" 1 dz 
a da = 

p z 

defining the curvature 

n — 1 

d{a^^da) = -- 6{z)dzAdz (21) 

P 

with Diracs delta function 6{z). The singular form ^p{z) = 
5{z)dz f\ dz \s, purely imaginary, i.e. (p{z) = —^p{z) and 
can be represented hy ip — i Q(/3. The integral over that 
form is equal to one and the coefficient of the curvature 
change is given by 

.P-I 
I . 

P 

Two questions remain: Where does the imaginary unit re- 
ally comes from and what is the 3-manifold E? As stated 
above, we have a singularity at the origin z = of Z?^ in 
the neighborhood N{T) = T x of the torus T. This 
singularity is described by the complex function z^. By 
using complicate methods from singularity theory, one 
can construct a knot in which modifies by surgery 
to a homology 3-sphere E, i.e a 3-manifold with the same 
homology as but different fundamental group. A con- 
struction of the 3-manifold S for the case of a logarithmic 
transform can be found in (23 |. Then consider a SO{3) 
bundle over dN{T) = T^ . By using fiber bundle theory, 
every SO{Z) bundle is completely classified by the Euler 
class e(Af), i.e. a 2-form which is closed de{M) = but 
not exact e{M) ^ dtp (for all 1-forms ip). But that Euler 
class is induced by a non-trivial S0{2) bundle over T^ 
because the connection of the 50(3) bundle has vanish- 
ing curvature. Thus the non-trivial curvature l|2Tll is the 
curvature of the SO{2) bundle. But SO{2) is isomorphic 
to U{1) and the Lie algebra of U{1) are the pure imagi- 
nary numbers zM. That is where the imaginary unit comes 
into play: As part of the only non-trivial bundle in dimen- 
sion 3, the U{1) bundle over the boundary dN{T) = T^. 

By using that result, let us look at the structure group 
of the tangent bundle TM of a four-manifold M. In the 
case of a Riemannian manifold the structure group is 
50(4) whereas in the Lorentzian case we get the Lorentz 
group 50(3, 1). Both groups have Lie algebras which 
are isomorphic to the Lie algebras of the corresponding 
spin groups, i.e. SU{2) x SU{2) for the Riemannian and 
SL{2, C) for the Lorentzian case. The Lie algebra consists 
of all anti-hermitian operators in C^, i.e. operators of the 
form iH where H is a. hermitean operator in . The ex- 
ponential relates the Lie algebra to the Lie group. Thus, 
the coefficients in Ij2()|l are elements of the Lie group and 
we obtain 

o-i{Li) = AiQxp ( 2711— ) = Ai exp [ — 27ri — ) , 

\ Pi J V PiJ 
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where pi > 1 is the framing number of the link compo- 
nent Li and Ai is a normaUzation constant. We call Ai 
the amplitude and 2iT/pi the phase. The star operation 
changes the knot to its mirror which changes the framing 
from Pi to —pi. Thus the are complex conjugated by 
using the star operation a*. The normalization of Ai is 
given by 

i 

There are two reasons for this normalization: At first the 
trace of an element of T must lie in the interval [0, 1] by 
definition and without loss of generality we normalize the 
trace to 1. Secondly, if we compare two different differen- 
tial structures described by the same basis elements in T 
then we need a normalization to compare the differential 
structures by comparing the coefficients. 

V. THE CONNECTION TO LOOP QUANTUM 
GRAVITY AND SUMMARY 

Before we discuss the consequences of our approach we 
will collect the results of the paper: 

1. The set of differential structures on a space-time 
is the set of non-diffeomorphic reference frames. 
Matter is the transition between reference frames 
that belong to different differential structures of the 
space-time. 

2. The transition of the differential structure between 
two topologically equivalent 4-manifolds M, N can 
be described by a smooth map f:M N having 
singularities along a 3-manifold S. 

3. We have constructed a C* algebra T, the 
Temperley-Lieb algebra, representing the set of op- 
erators of transitions of the differential structure 
of space-time. Furthermore we are able to imple- 
ment the structure of a complex Hilbert space on 
the set of differential structures by using the GNS 
construction. 

4. The transition of the differential structure is a mod- 
ification of a contractable 4-dimensional subset of 
the 4-manifold. This subset has a boundary, the 3- 
manifold S. We associated to every transition an 
element of the algebra T. 

5. We have constructed a complex structure on the al- 
gebra T by using the structure group of the tangent 
bundle of S. 

At the end of section IIIII we remarked that in a series of 
papers, LiCKORiSH and Kaufman used the Temperley- 
Lieb algebra to construct knot invariants in 3-manifolds. 
If we go further into that direction then we will expect 
that knots and links are also important in our theory. A 



first step in that direction is the space-time realization 
of the generators of the algebra T by "surgeries along 
knots and links" introduced by Fintushel and Stern. 
But there is a very popular approach to quantum gravity 
which uses extensively knots and links. Loop quantum 
gravity. 

Loop quantum gravity is based on the formulation of 
classical general relativity, which goes under the name 
of "new variables", or "AsHTEKAR variables" (see ^^). 
Soon after the introduction of the new variables, it was 
realized that the reformulated Wheeler-DeWitt equation 
admits a simple class of exact solutions: the trace of the 
holonomy of the Ashtekar connection around smooth, 
non-self-intersecting loops. Then Rovelli and Smolin 
[2^ choose these Wilson loops as the new basis in the 
Hilbert space of the theory. 

Loop quantum gravity is the formulation of canonical 
general relativity by a SU{2) connection A on a principal 
bundle over a 3-manifold and a tetrad field (also called 
the soldering form) of density weight one also defined on 
a 3-manifold. This approach assumes the existence of a 
global Lorentzian structure on the 4-manifold by intro- 
ducing a global foliation E x R of the 4-manifold. Then 
a graph F, i.e. a finite collection of smooth oriented 1- 
dimensional submanifolds also called links, in S is chosen 
with L{T) components overlapping only at the endpoints 
also called nodes. Given a SU{2) connection A, the holon- 
omy Ui{A) g SU{2) of the connection A along the link / 
is defined to be 

Ui{A)=V exp(^J^A^ (22) 

where P denotes path ordering. Then a graph F induces 
a map A (~> n/GL(r)(^'(^)) ~ Pr(^) which defines via 
a function h: [S'[/(2)] ^-^(^^ C the so-called cylindrical 
function by 

*r,/. (A) = /i . 

Quantum states in Loop quantum gravity are limit se- 
quences of cylindrical functions with respect to the 
norm. In |2§|, Fairbairn and Rovelli show that the 
Hilbert space of diffeomorphism classes of such graphs 
is non-separable. Furthermore both authors construct a 
new, separable Hilbert space by extending the diffeomor- 
phisms to smooth maps with a finite number of singular- 
ities. That is the first hint that quantum gravity could 
incorporate differential structures. But there is more. 

In the introduction we have constructed a singular 
connection representing the transition of the differen- 
tial structure. Mathematically such singular connections 
are distribution- valued differential forms 0. The space 
of connections including such singular connections is the 
4-dimensional analog of the space A in Loop quantum 
gravity and the use of the trace Tr{D) for the connec- 
tion corresponds to the gauge equivalence classes A/Q. 
If that correspondence is more than an accident we have 
to interpret the holonomies Ui{A) and the graph F in a 
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4-dimensional context. Here we will give a sketch with 
such an interpretation, where the details will appear in a 
follow-up paper. 

Given a 3-manifold S and a 5*^(2, C) bundle over the 
4-manifold M. The 3-manifold is the singular set of a 
map, which changes the differential structure on M . Let 
A be a SL{2,C) connection on a neighborhood N{Y.) of 
the embedded 3-manifold which restricts to the SU{2) 
connection A on S. By a bundle theoretic reduction, this 
restriction is unique. As usual, the graph in S is a subset 
of the triangulation of S. All possible graphs in S can 
be interpreted as the set PS of all paths in S. Now we 
define a map tt: PT, — > S which assigns to each path its 
end point. That defines a fibration of the space PS into 
the base S and fiber fiS, the space of closed loops in S. 
Thus the path space PS is locally generated by the loop 
space OS and in the following we will mainly work in 
that space. 

The topology of the loop space is non-trivial, and we 
are interested in the connected components of f2S which 
is the fundamental group 7ri(S), i.e. the group of loops 
up to continuous homotopy. Why are we interested in 
that group? Let us consider the holonomy U^{A) of a 
S'L(2,C) connection over S along a loop 7. It is easy to 
show that U^{A) only depends on the homotopy class 
of the loop 7, i.e. given two homotopic loops 7, V', then 
U~f{A) = U,i,{A). Thus the holonomy defines a represen- 
tation J7:7ri(S) SL{2,C) of the fundamental group 
into S'i(2,C). What does the representation mean? The 
group SL{2, C) is the spin group on the Minkowski space, 
and every representation in that group is equivalent to a 
representation into the Lorentz group 5*0(3, 1) and vice 
versa. Thus the holonomy defines also a representation 
;7:7ri(S) ^ 50(3,1). 

The Lorentz group 50(3, 1) is the isometry group of 
the 3-dimensional hyperboHc space Hj^ and the represen- 
tation U defines a hyperbolic geometry a la Thurston 
[3(1 | with finite volume on the 3-manifold S. Two repre- 
sentations Ui, U2 which are not related via conjugation to 
each other define different hyperbolic structures. In the 
next paper we will show that the hyperbolic structures on 
a 3-manifold are determined by the differential structure 
of the 4-fnanifold in which the 3-manifold embeds. Thus, 
the holonomies over the loops in the 3-manifold generate 
the hyperbolic structure on the 3-manifold and are re- 
lated to the differential structures on the 4-manifold. An 
evolution of the 3-manifold S which changes the hyper- 
bolic structure results in a conical singularity as firstly 
observed in the spin foam models. 

Another open point in the Loop quantum gravity is the 
foliation of space-time breaking the general covariance of 
loop theory. With the differential structure approach we 
are able to determine such a splitting in space and time 
naturally - at least locally. In the neighborhood of the 3- 
dimensional singular support S we have a canonical split- 
ting of the four-manifold into a 3-dimensional and a one- 
dimensional space. Given two singular supports Si, S2 
which do not intersect then two splittings are mostly 



not identical. That would be a possible explanation of 
the appearance of singular knots and conical singulari- 
ties in loop quantum gravity. From the understanding of 
these points, it should be possible to obtain a full solution 
of the Hamilton constraint by using the methods above 
more extensively. In the next paper we will go further 
and describe something like the dynamics of differential 
structures and its localization to 3-manifolds. 



Appendix 

In the following we will explain the definition of a dif- 
ferential df of a singular map / by using the work of 
Harvey and Lawson |2l|. At first we describe the general 
situation. 

Let F and E be two vector bundles over M. Further- 
more, let a : -E ^ P be a bundle map admitting sin- 
gularities, i.e. a subset S C M where the (local) map 
ax ■ Ex ^ Fx is not injective. Let De and Dp he the 
connections on E and P, respectively. The main problem 
is now that the inverse of the map a not always exists. 
Instead we have to define a map (i : F ^ E. M first 
we assume such a map exists. Then we define the push 
forward connection D" by 

D'^ ^ a o De o (3 + Dp o {I - al3) . 

On the two bundles we introduce metrics allowing to de- 
fine the adjoint a* of a via the scalar product. Then 
outside of the singular set S we define 

13 = {a*a)~'^a* . 

In general this procedure breaks down on the singular 
set S, since (3 becomes singular on S. To change this, 
we choose an approximation mode, i.e. a fixed smooth 
function x ■ [0, 00] [0,1] with x' < 0,x(0) = and 
x(oo) = 1. We define a smooth approximation f3s to (3 by 

/ o*a\ 

f3s = x{ — \P fors>0. 

This family Ps of maps defines a family of connections 
D" on P. As s — > the map /?s converge to (3 uniformily 
on compacta in M — S. The family 13s of maps converges 
for s 00 pqintwise to a connection on P for all points 
in M (see for the proofs). 

This general situation can be used to define the con- 
nection change by setting E — TM, F — TN and a = df . 
Then the substitute for the inverse df~^ is defined by the 
limit s ^ cx) of /3s constructed above. 
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